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Abstract

If the government sets different minimum wages for different types of
workers, then the minimum wage is not only binding for unskilled labor, but also
for skilled labor, when workers’ bargaining power is smaller than its elasticity in
the matching function. Moreover, if we consider a tax, the government should tax
the labor income of skilled labor and should set a minimum wage for unskilled
labor when the workers’ bargaining power is relatively low. In this situation, a
binding minimum wage is optimal.
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1. Introduction

Minimum wage policies are used by many governments around the
world to address what they consider to be unfairly low wages resulting
from differences in the bargaining power of employees and employers.'
Workers generally benefit from increases in the minimum wage,
whereas firms typically want the opposite to occur. The reason why
employers resist minimum wages is obvious. A minimum wage
increases payments to workers and reduces the added value from
recruiting an extra worker. However, does a minimum wage policy
really benefit employees? Is it appropriate to set a minimum wage for
labor? In this paper, we attempt to derive the optimal minimum wage
from the perspective of a central planner.

Regarding minimum wage legislation, Stigler (1946) considered
whether such legislation reduces poverty. Most of the subsequent
literature, including DiNardo et al. (1996) and Brown (1988), attempts
to analyze the effects of a legal minimum wage on unemployment,
inequality, and income. For example, DiNardo et al. (1996) use data
from the US Current Population Survey to examine the relationship
between the minimum wage and wage inequality. They find that a
decline in the minimum wage explains a substantial proportion of the
associated increase in wage inequality.” Furthermore, Neumark and
Wascher (2002) find that minimum wages increase the probability that
poor families escape poverty, but also increase the probability that
families who were not previously poor become poor. Thus, there is no
compelling evidence supporting the view that minimum wages help in
the fight against poverty.

The first minimum wage was introduced in New Zealand in 1894. In the United States
(US), a minimum wage was enacted in accordance with the Fair Labor Standards Act of
1938. Britain adopted a minimum wage in 1999. The minimum wage legislation in the
Euro area is described in Eurostat (http://ec.europa.eu/eurostat).

2 With regard to studies of inequality, examples include Lee (1999), Teulings (2003),

Slonimczyk and Skott (2012), and Autor et al. (2016).
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In addition, Brown (1988) shows that an increase in the minimum
wage reduces employment. Kaufma (1989) estimates the employment
effects of setting minimum wages above their equilibrium levels in
Great Britain and finds that the minimum wages reduce employment.
With regard to theoretical analysis, Cahuc and Michel (1996)
investigate the impacts of a minimum wage in an overlapping
generations model with endogenous growth, and discover that such
legislation may have positive effects on growth by inducing more

. . 3
human capital accumulation.

Furthermore, optimal minimum wage policy in a competitive labor
market has been studied by Lee and Saez (2012), who find that such
legislation is desirable in some situations. However, evidence indicates
that in the real world, the labor market is frictional. According to
Diamond (1982), Mortensen (1982), and Pissarides (1984), there are
informational and institutional barriers to job search, recruiting, and
vacancy creation in the labor market. As the minimum wage influences
unemployment and the operation of the labor market, it is appropriate to

analyze the impact of such legislation in a frictional labor market.

In this paper, we build a standard search model with heterogeneous
labor abilities and attempt to determine the optimal minimum wage in a
centrally planned economy. We find that if the government only sets the
minimum wage for unskilled labor, the optimal policies under a
centrally planned economy can be achieved only when skilled workers’
bargaining power equals its elasticity in the matching function. In that
situation, a binding minimum wage for unskilled labor is optimal if their
bargaining power is relatively low. Moreover, if the government sets the
different minimum wages for different types of workers, both unskilled
and skilled workers should be restricted to a minimum wage when
skilled (unskilled) workers’ bargaining power is smaller than its
elasticity in the matching function. In the above two situations, the

A general review of minimum wages can be found in Card and Krueger (1995), Sobel
(1999), and Neumark and Wascher (2006).
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government should not provide unemployment compensation for all

workers.

In addition, we consider another situation in which the government
levies a tax on the workers’ income. We find that when the workers’
bargaining power is relatively low, the government should tax labor
income along with positive unemployment compensation for skilled
labor, and should set a minimum wage for unskilled labor. In this
situation, a binding minimum wage is optimal. Besides, regardless of
the values of the unskilled workers’ bargaining power and its elasticity
in the matching function, unemployment compensation should not be
provided for unskilled labor.

Related papers include Flinn (2006), who analyzes the effect of
changes in minimum wages in a frictional labor market in which
workers have different bargaining abilities, and defines conditions
under which minimum wages improve welfare. Flinn (2006) set a model
with labor market friction as in Pissarides (2000) and used the US data
to estimate the workers’ bargaining power parameter which is
significantly less than 0.5. In addition, Flinn (2006) found that when
extending the model to include on-the-job search, increasing minimum

wages levels could lead to general welfare improvements.*

Moreover, Hungerbiihler and Lehmann (2009) and Rocheteau and
Tasci (2007) indicate that a minimum wage is optimal if the bargaining
power of workers is relatively low. Rocheteau and Tasci (2007)
reviewed the employment effects of the minimum wage under two
extreme assumptions: In the first case, there are a lot of employers
competing to attract workers; in the second, there is a single employer.

Rocheteau and Tasci (2007) obtained that a binding minimum wage

Note that Lang and Kahn (1998) also examine the effects of a minimum wage in a
search model with heterogeneous workers. They find that even though minimum
wage laws increase employment, the increased competition from higher-productivity
workers as a result of the minimum wage makes lower-productivity workers worse
off without making higher-productivity workers better off.
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reduces employment and creates involuntary unemployment in a
competitive labor market, whereas a minimum wage can make workers
better off in a frictional labor market. However, Rocheteau and Tasci
(2007) did not really solve out the optimal minimum wage, while our
paper does.

Furthermore, Hungerbiihler and Lehmann (2009) showed that the
introduction of a binding minimum wage is welfare-improving when the
bargaining power is lower than the elasticity of the matching function.
Our model also obtained the same result. However, we can further get
the optimal policy for workers with different skills, whereas
Hungerbiihler and Lehmann (2009) only discuss the minimum wage.’
Our results can support the finding in Hungerbiihler and Lehmann
(2009) and Rocheteau and Tasci (2007). In addition, we further
demonstrate that the government should set the minimum wages for
both skilled and unskilled labor. If workers’ bargaining power is

relatively low, binding minimum wages is optimal for all workers.

The structure of this paper is as follows. In Section 2, we develop a
benchmark model with heterogeneous labor abilities and derive the
optimal allocations in a centrally planned economy and the equilibrium
conditions in a decentralized economy. Section 3 studies the optimality
of the minimum wage in a centrally planned economy. Finally,

concluding remarks are provided in Section 4.

2. Environment

As a minimum wage usually only applies to unskilled labor, we
assume that there are two kinds of people with distinct abilities,

Hungerbiihler and Lehmann (2009) further obtained if the government can also
control the workers’ bargaining power, it should increase it, at least up to a point
where their argument in favor of minimum wage does no longer apply. However, as
they discussed, whether and how the government can affect the bargaining power is
still an open question.
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belonging to different households in the economy. Thus, there are two
kinds of households, those with members who are skilled workers and
those with members who are unskilled workers. The workers with
different skills are matched with appropriate jobs in different labor
markets.

The labor markets exhibit search frictions. The creation of new
jobs requires that firms post vacancies v, and that the unemployed
search for job opportunities s,. Hereafter, the superscript i=1,2 denotes
the related variables for skilled and unskilled members, respectively.

According to Diamond (1982), new jobs are generated according to the

. N A\
following constant returns matching technology: M, =m' (S; )7 (vl’) g ,
where m' >0 measures the degree of matching efficiency and

' E(O,l) is the contribution of a jobseeker in the formation of a

match. That is, the level of employment of the skilled (unskilled)
members is given by the following process:

ey =(1=v)e +m' (s ()7, ()

where ' is the (exogenous) job separation rate. Thus, the change in
employment ef+1 —ef is equal to the inflow of workers into the employment
pool Mf, net of the outflow as a result of job separation Wief.
Furthermore, we define the rates at which aggregate job search and
aggregate vacancy posting lead to a new job match as g =M, /s/, and
n =M /v,, respectively. That is, g denotes the job-finding rate for

the unemployed and 77’ is the recruitment rate for a firm.

Each representative large household has unified preferences and
pools all the resources and utility of its members. Members differ with
respect to their productivity. To simplify the model, we assume that the
population growth rate is zero, and thus normalize the total population
in each household to 1. In period ¢, a fraction e;e,2 of the skilled

(unskilled) members is employed, another fraction S,IS,2 is searching

for jobs, and the remaining fraction 1—¢ —s, (l—ef _S[2) is outside
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the labor force, for which we use the alternative term of leisure, following
Arseneau and Chugh (2012).

Each household’s discounted lifetime utility is:

0

U"=Z(ﬁ)tui(cf,l—ef—st"), 2)

t=0

where p >0 is the time preference rate, c; is consumption, and '’ ()

is each representative large household’s utility function. According to
Merz (1995) and Andolfatto (1996), we assume that there is no
heterogeneity in consumption between the employed and the
unemployed members. In addition, the utility function satisfies the
conditions that the marginal utility of consumption (leisure) is zero
when consumption (leisure) goes to infinity and the marginal utility of
consumption (leisure) goes to infinity when consumption (leisure) is

Z€ro.

The representative firm produces output and creates and maintains
multiple job vacancies. The firm produces a single final good y, by
renting capital and employing skilled and unskilled labor. Moreover, the
firm creates and maintains multiple job vacancies in order to recruit
workers. Following the setting in Merz (1995), Domeij (2005), and
Arseneau and Chugh (2006), among others, we assume that the firm’s

hiring cost is linear in terms of vacancies as follows: x'v;, where

k' >0 is referred to as a unit hiring cost.

2.1 The Centrally Planned Economy

The central planner attempts to maximize the combined welfare of
all members in the economy. Assume that the total number of
households is L, and a fraction a of those are skilled households, and
the remaining fraction 1—a are unskilled. To simplified the analysis,
we normalize L =1. That is, the central planner’s objective is to

maximize the following welfare function:



U=aU'+(1-a)U’

1+p

t=0

:i[;]t[aul(cll,l—e: _Stl)+(l—a)u2(ct2,1—e,2 —Slz):|,
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3)

subject to the two employment equilibrium conditions for skilled and
unskilled labor, (1), and the following resource constraint:

b =3, ~(1-0)k, —ac) ~(1-a) ~ ] ™. “@

where we use k, to denote capital, with J as its depreciation rate. To

simplify the model, we set y=f(k,,aetl,(l—a)et2). Note that
@/t/a(aetl) >ayt/8[(1—a)eﬂ because the productivity of the skilled

labor is larger than that of the unskilled one.

The equilibrium conditions can be simplified into the following

. 6
equations.

u, =u

c,t c,t?

a——= K =+

u,, I-y
2

(1-a)—2 _7_2K2ﬁ
o 1_72 S12
u, 1

s DT e

(52)

(5b)

(5¢)

(5d)

(1 + l//] )ul],t+1

1
Ui +”c,t+1f2,t+1 +

11,1 S I R
mj/(sm-l)y (Vt+1) 4

(5e)

Note that  f, =dy,/ok,, f,, =0y, /0(ae'), f, =0y, /0[(1-a)e ],

u,=ou'/oc, and u,, =ou'/ o(1-e —s)).
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2 2y,,2
U, _ i u fo A+y .
2 2, 2, 2P 1t+1 c,t+1J 3,141 2 2, 2 21, 2 \1-2
my ()Y o)) 1+p my (sp) " L)
(59)
As ui’, = uf,, according to (5a), we define ui,’, = uf’, =u,,.

(5a) equates the marginal utility of consumption for skilled and
unskilled labor. (5b) is the standard consumption Euler equation. (5¢)
and (5d) are the optimal choice between job searching and vacancy
posting for different skilled labor markets. Note that the marginal cost
of vacancy posting in terms of utility is K"ui’t and the marginal cost of
job searching is the loss of the marginal utility of leisure which is au},t

(or (l—a)uit) for skilled (or unskilled) labor. (5¢) and (5d) equate

those two marginal costs, along with their contributions to the formation
of a match. (5e) and (5f) imply that, for different skilled labor, today’s
marginal utility of leisure is equal to the discounted sum of tomorrow’s
surplus from a successful match plus a continuation value if the old jobs
are not redundant.

: : 1 2 1 2 1 2 1 2
The optimal allocations for ¢, ¢, s, s, Vv, v, e e

t t> t> t+1° t+1°

and k,,, are derived from the two equations of (1), (4), and (5a)-(5f).

2.2 The Decentralized Economy

Regarding the setting of each representative large household, the
level of employment of the skilled (unskilled) members from the
household’s perspective is given by the following process:

i

e, —(1—wi)ef+ufsf. (6)

Thus, the change in employment e/, —e!

" is equal to the inflow of

workers into the employment pool s/, net of the outflow as a result

of job separation y'e/. Note that the representative household cannot
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influence the behavior of firms and other households, and thus cannot
control how many unemployed people are searching for jobs and how
many vacancies exist in the labor market, i.e., the representative
household does not know the probability that the unemployed can find a
job. Therefore, the household takes the job-finding rate z as given.

We use ' and w, to denote the rental rate and the wage rates,

respectively. The representative large household’s budget constraint is:

ki

t+1

i i i i i i i i
=we +Rk —c, +b's, +m, -1, (7)

where R =1+7 -0 is the gross return on capital,’ 7’ is the firm’s

profits because households own the shares of firms, &' is unemployment
compensation, and 7, is lump-sum taxes.

The household’s dynamic programming problem is to choose

{cf ,Sti ’e:“’kfi*l}t:o in order to maximize the lifetime utility in (2), subject

to the constraints (6) and (7). The household’s necessary conditions can
be simplified into the following two equations.

The first is the following consumption Euler equation:

u :Lui R (8a)

c,t 1 + ct+17 41
Next, we have the employment—search trade-off conditions:

i i g
ul,t _uc,tb _ 1
i
t

» (8b)

1

t+1

(- } =y,
u

i i i
_ul,t+1 + uc,t+1 |:M}t+l - i

t+1

_1+p

which state that, in the optimum, today’s marginal utility of leisure is
equal to the discounted sum of tomorrow’s labor’s surplus from a

" Inthe following setting of the firms, we can see that the shares of capital accumulated

from the skilled and unskilled labor are the same in the production function, so the
rental rates for k: and kl2 are the same. Thus, we define rI' = rrz =7 and
R' =R’ =R aswell
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successful search plus a continuation value if the match is not separated.

As for the setting of the representative firm, the level of employment

from the firm’s perspective in the next period is:
e =(1-v")el +nv.. ©
Thus, the change in employment is equal to the inflow of employees

nvi, net of the outflow w'e. Similarly, the representative firm

cannot influence the behavior of households and other firms, and thus
cannot control how many unemployed people are searching for jobs and
how many vacancies exist in the labor market, i.e., the representative
firm does not know the probability that vacancies can match workers.

Therefore, the representative firm takes the recruitment rate 7/ as

given. The firm’s flow profit is:
7, :f(kt,ae},(l—a)ef)—w,'aet1 —w (1-a)e’ —rk, — kv —k*v;. (10)

Note that ak, +(1—a)k; =k,. To simplify the analysis, we assume that

the firm fully understands the workers’ productivity. Therefore,
unskilled workers have no incentives to pretend that they are skilled

workers.

The firm’s necessary conditions can be simplified into the
following three equations. The first equation equates the marginal

product of capital with the rental rate as follows:®

=1 (11a)

The other two equations are the following vacancy creation

conditions for skilled and unskilled labor, respectively:

If the firm’s profitis =, = f(kt,ae,1 ,(1 - a)ef )— wiae —w’ (1 - a)ef —r'ak! -
rf (l—a)/g2 —Kle' —sztz, we can derive that r/1 = f“ = rlz. That is, the shares of
capital accumulated from the skilled and unskilled labor are the same in the
production function.
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K']

1
_ K
_]ZRH—]I |:af2,t+1 _ath-H +(1_I//I)T:|: (11b)

t t+1

2

Cerfiap-Geaw )5

t t+1

The above conditions state that, in the optimum, today’s marginal cost
of vacancy creation and maintenance equals the discounted marginal
benefit of recruitment tomorrow, which is the sum of the firm’s surplus
from a successful match and the savings in terms of the marginal cost of

vacancy creation and maintenance if the match is maintained.

Wage rate determination is different between skilled and unskilled
labor. For skilled labor, the effective wage rate is determined by Nash
bargaining, which maximizes the weighted product of the firm’s and the
workers’ surplus from a match, where the weights are given by the
relative bargaining power. The skilled workers’ surplus acquired from a
successful match is evaluated in terms of the augmenting value of
supplying an additional worker: th ui’t —(blui’t + ull’t ) With normalization,
we obtain th —(b1 +u,1’t/ui’t), where the terms in parentheses can be
interpreted as the skilled workers’ reservation wage. The firm’s surplus

gained from a successful match is gauged by its added value from
recruiting an extra skilled worker: f,, —w/.

Thus, the wage of skilled labor at time ¢ is solved by the following
cooperative bargaining game: mzllx[wt1 —(b' +ull’t /ul,t )]”3l (S, — W:)Pﬂl ,
where f' e (0,1) is the skilled workers’ bargaining share. This implies
that the wage is:

1
u
wﬁ:ﬁlfz’ﬁ(l—ﬂl)(b#%} (12)
c,t
which is a weighted average of the marginal product of skilled labor and

the reservation wage.
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The wage rate of unskilled labor is set by the government at the
minimum wage level of w. If the unskilled workers’ bargaining wage
is smaller than the minimum wage, they obtain w when working. That
is, the wage rate of unskilled labor is as follows: Wt2 zmax{v_v,wa},
where w" =pf,, +(1—,B2)(b2 +u12’t/uf’t) is the bargaining wage for
unskilled labor, and S’ e (0,1) is the unskilled workers’ bargaining
share. Thus, the unskilled employed actually earn wages, w’" + @, where

o=w-w">0 when w" <w, whereas ®=0 when w’" >w.

Regarding the setting of the government, the government levies
lump-sum taxes to finance unemployment compensation. The

government’s flow budget constraint is as follows:
blas, +b*(1-a)s; =al +(1-a)T’. (13)

To simplify the model, we assume that the government has no other

public expenditure.

Now we can derive the equilibrium conditions in the decentralized
economy. Unlike the labor market, the goods market is frictionless. Using
the household’s budget constraint, (7), the firm’s profit function, (10),
and the government’s balanced budget constraint, (13), we obtain an
aggregate goods market constraint as (4). Furthermore, the matching
number is equal to the job search inflow into the employment pool and is

N AR 4 - o
also equal to newly occupied vacancies; i.e., m' (st’ )7 (Vzl) =us =V
in equilibrium. Thus, the employment equilibrium condition for skilled

(unskilled) labor is (1).

The time paths for ¢, ¢/, s, s/, v, v, e,, €., and k,,
in the decentralized economy are derived from the two equations of (1),
(4), the two equations of (8a), the two equations of (8b), (11b), and
(11c), along with (11a), (12), and the wage determination of the

unskilled workers.
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3. Optimal Minimum Wage

In this section, we first derive the optimal minimum wage and
unemployment compensation that can make the variables in the
decentralized economy achieve the optimal allocation in the centrally
planned economy. Next, we attempt to incorporate a proper tax setting

in our benchmark model with a minimum wage for unskilled labor.

3.1 The Conditions of a Binding Minimum Wage

The combination of (8a) and (11a) in the decentralized economy is
the same as (5b), along with (5a), in the centrally planned economy.
Besides, (1) and (4) in the two economies are the same in equilibrium.
We can obtain the optimal minimum wage and unemployment
compensation by comparing the remaining equations, (5¢)-(5f), in the
centrally planned economy with those in the decentralized economy, the
two equations of (8b), (11b), and (11c). That is, if the government
policies (the values of b', % and ®) can make the variables in the
decentralized economy achieve the optimal allocation in the centrally
planned economy, then those are the optimal policies.

We first discuss the optimal unemployment compensation for
skilled labor. In the long run, if we combine (5¢) and (8b) for skilled
labor, along with (5a), (12) and ,utletl/stl, we can derive the

following relationship for b':

(1_£J”11(p+‘//1)=[1_,31+L://ljb‘. (14a)
M

v up

(14a) implies that b' ><0 if y'>< '

Intuitively, when )/1 >,B1, the skilled workers’ bargaining power

is smaller than its elasticity in the matching function and thus too few

people search for a job. To encourage people to search for a job or to
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participate in the labor market, the government can increase the wages
they earn when employed, or provide unemployment compensation even
when job-seekers do not obtain a job opportunity. As an increase in b'
can increase the bargaining wage according to (12), the government can
use b' to influence the wage rate, even though it does not set a minimum
wage for skilled labor. That is, unemployment compensation is needed
to encourage people to participate in the labor market when ' > £

Next, combining (5¢) and (11b), along with (5a), (5¢), (12) and

n =M /v), yields another condition of &' as follows:

Kp+y) v =B .
an'  (1-p)1-7")

(14b)

14b) also implies that b' =<0 if y' >< '
b4

Although both (14a) and (14b) obtain a consistent result, we need to
make sure that the two conditions do not contradict each other. Combining
(14a) and (14b) yields (,OJrl//l)/,u1 =0, which is unreasonable because
P, w', and u' are positive. That is, both (14a) and (14b) imply that
only when y'=p', ie., b'=0, can the optimal policies under a

centrally planned economy be achieved.

We now turn to discuss the optimal minimum wage and
unemployment compensation for unskilled labor. Similarly, if we
combine (5f) and (8b) for unskilled labor, along with (5a), the
determination of w’, and 4 =M /s’, we can derive the following

relationship between b*> and :

(I—EJM=[I—ﬂZ+L§”2Jb2+w. (14c)

) ugl’ H

(14c) implies that [1—ﬂ2+(p+zy2)/y2]b2+wzso it y?>< g

Next, combining (5f) and (1lc), along with (5a), (5d), the
determination of w’, and 7’ =M//v}, yields another condition

between b° and @ as follows:
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Kp+y) v a0
(-a)yp> (1-pH01-7) 1-p

(144d)
By combining (14c¢) and (14d), we can derive the following optimal
policies:

R S VLY ey i
(-ayy> (1-7?)

(14e)

That 1is, the government should not provide unemployment
compensation for unskilled labor, and @><0 if »°>< 3. Note that
o 1is the gap between the bargaining wage for unskilled labor and the

minimum wage. A positive @ means the minimum wage is binding.

Intuitively, the unskilled workers’ bargaining power is smaller than
its elasticity in the matching function when »°> . To prevent too
few people searching for a job, the government should attempt to
increase the wage rate to encourage people to find a job. Although a

higher b* can increase the bargaining wage WtzN, it has an adverse
effect, tending to encourage the unemployed to remain unemployed,

rather than seeking employment. Our result shows that the latter effect
dominates the former one. That is, unemployment compensation should
not be provided. In addition, as the government can intervene in the

unskilled labor market, it can directly set the minimum wage.

Note that the optimal allocation in the centrally planned economy
requires that (14a)-(14d) are met at the same time. That is, only when
the skilled workers’ bargaining power equals its elasticity in the
matching function 7/1 = ,6’1, can the optimal policies under a centrally

planned economy be achieved. In that situation, b'=b>=0 and

o=x(p+y)* - p)/[A-am* -1 ].

However, Hungerbiihler and Lehmann (2009) indicate that
bargaining power of less than the elasticity of the matching function is

the most plausible case in empirical studies. This implies that the
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above-optimal allocation cannot be achieved if the government can only
set the minimum wage for unskilled labor and provide unemployment
compensation in two labor markets. To fix this problem, we relax the
policies that the government can implement. We first assume that the
government can also set the minimum wage for skilled labor.” In the
next section, we will consider the situation in which the government

levies a tax on the workers’ income.

If the government also sets the minimum wage for skilled labor,

W', the wage rate for the skilled workers becomes W, = max{v_vl,wt”v},

where w" =g'f,, +(1—,6’1)(b] +ul‘ﬁl/ul,l) is the same as that in (12).
Similarly, we define that w' =w" +®', where @' =w'-w">0
when w'" <#', whereas @' =0 when w" >#'. The other setting is

the same as those in Section 2.

By using the same steps, we can derive the optimal minimum wage

and unemployment compensation for skilled labor as follows:

orw') v =B
bl:(), a)l: (p 1‘//)7/ ,i ZSO
an. (1-7)

Those for unskilled labor are the same as (14e).

if y'><p'. (141)

Note that although (14¢) and (14f) look similar, the values in both

equations are different, i.e., ®" # ®. This is because the value of @

2

depends on 7*> where 1’ =m’ (sz)y (vz)iy , and the value of @'

If the economy has labor search and matching friction, there may be matching
externalities. For example, when a firm posts a vacancy, it reduces the chances
for other firms to fill their vacancies (a negative externality) but it also increases
the probability of workers finding a match (a positive externality). That is, the
optimal allocation under a centrally planned economy may not be achieved
under the decentralized economy. In addition, (11b) and (11c) show that

5 -w =@ +p)c' la') >0 and 5 — =(w2 +p)K2 /[(l—a) 7]2] >0, respectively.
Not only unskilled labor but also skilled labor receive wages below their marginal

product. Therefore, setting the minimum wage for skilled labor may have an efficient

improvement.
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depends on 7' where 7' =m' (Sl )7 (v1 )_y . In addition, according to the
two equations of (1), (4), and (5a)-(5f), s' #s° and V' #v*, in which
those values depend on f, and f;. Even if the minimum wages for

both skilled and unskilled labor are binding, i.e., skilled labor earns
w =w" +@' and unskilled labor earns w’*=w"" +®, in which

:ﬁ1f2+(1 )( +u,/u) and w2N=ﬁ2f3+(1 )( +u,/u )
because w'" #w*" and @' #®, the minimum wages for skilled and

unskilled labor are different, i.e., W' =w' =w'" + @' is different from
w=w=w" + 0.

(14e) and (14f) show that no matter what the values of %' and f'
are, the government cannot provide unemployment compensation
(b' =b*> =0), whereas the minimum wage is binding for both skilled
and unskilled labor when the workers’ bargaining power is smaller than
its elasticity in the matching function in the two labor markets. This
result is consistent with those in Rocheteau and Tasci (2007) and
Hungerbiihler and Lehmann (2009) in which they indicate that if the
bargaining power of workers is relatively low, a minimum wage is
optimal for some workers whose skill levels are below a certain
threshold. Furthermore, we prove that the government should also set
minimum wages for both skilled and unskilled labor. That is, we obtain

the following Proposition."

Proposition 1.

(a) If the government only sets the minimum wage for unskilled
labor, the optimal policies under a centrally planned economy can be

achieved only when the skilled workers’ bargaining power equals its

% Note that, in reality, the government will not force workers to get salaries lower than

the bargaining wages. Therefore, if the minimum wage is lower than the bargaining
wage, the workers get the bargaining wages. This means, in reality, when ' < ',
i.e., the situation that @' should be negative, or when »° < f°, ie., the situation
that ® should be negative, the optimal allocation under a centrally planned
economy cannot be achieved.
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elasticity in the matching function. In that situation, a binding minimum
wage for unskilled labor is optimal if their bargaining power is
relatively low. (b) If the government sets the minimum wages for all
workers, both skilled and unskilled labor should be restricted to their

minimum wages when the workers’ bargaining power is relatively low.

Regarding the value of the workers’ bargaining share, Berentsen et
al. (2011) used the setting in Shimer (2005), and assumed that the value
equals 0.72. In addition, the value of the workers’ bargaining share is
also in the commonly used range between 0.3 and 0.6 as in Andolfatto
(1996), Shi and Wen (1999), and Domeij (2005). Moveover, Flinn
(2006) used the US date from Current Population Survey to estimate the
bargaining power parameter and obtained the value is between 0.3 and
0.5. If we use the estimated value in Flinn (2006), in which the workers’
bargaining power is relatively low, i.e., »' > /', then the government

should implement the policy suggested in Proposition 1 (b).

3.2 A Binding Minimum Wage with Optimal Taxation

We now consider the situation in which the government levies a tax
on the workers’ income. To obtain the precise values of the minimum
wage and related policies, we still retain the government’s policy on
unskilled labor, minimum wage legislation, and unemployment
compensation, whereas we consider a tax rate on labor income for
skilled labor along with unemployment compensation. "’

In this situation, the optimal allocations in the centrally planned
economy are the same as those in Section 2.1. As for the equilibrium
conditions in the decentralized economy, the representative large skilled
household’s budget constraint now becomes: k., =(1—7,)we +

"' If we further consider a labor income tax for unskilled labor, we only can obtain the

relationship between the minimum wage, unemployment compensation, and the tax
rate for labor income, and cannot derive the precise values of such policies. That is,
we only consider two kinds of fiscal policies in each labor market. In addition, as the
consumption Euler equation in the two economies are the same, we do not consider a
capital income tax.
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1 1 1,1 1 1 : -
Rk, —c,+bs, +x, —T,, where 7, is the tax rate on labor income for

t
skilled labor.

That is, the employment-search trade-off condition for skilled labor

becomes:
1A}l
— A
u =y b L) (1_T )Wl _[1 v jb +(1 4 )ul,m
/u;l 1+p 1,t+1 c,t+1 It+1 1+1 /u;l+1 ,u;1+1

(8c)

The skilled workers’ bargaining wage and the government’s flow budget
constraint become: w = B'f,, +(1—- B[ (1-7,)+uy, (A7), ],
and b'as, +b*(1—a)s} =ar,w,e, +aT' +(1—a)T’, respectively. The other
equilibrium conditions are the same as those in Section 2.2.

Similarly, in the long run, if we combine (5¢) and (8c), along with
(5a), ' =M /s!, and the above skilled workers” bargaining wage, we
can derive the following relationship between 7, and b':

ul(p+y')

(1—%)W+ﬂlrlﬁ=(1—ﬁl+%‘(l)bl. (152)

In addition, combining (5¢) and (11b), along with (5a) and (5¢),
77,l =M,1/vt1, and the above skilled workers’ bargaining wage, yields
another condition between 7, and b' as follows:

“lov') yop oy,

al (1=g)(=7) T ()

(15b)

By combining (15a) and (15b), we can derive that b' is increasing
in 7, as the following function:
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ﬂlz_f +Tlull(1_ﬂl)
| 2 (I-7)u. .
b = - ——2><0 if 7, ><0. (15¢)
pty  (A-p)r
H 1-1,

Substituting (15¢) into (15b) yields the following function of 7;:

1 Tl”zl(l_ﬁl)
s ke - )
an. (1=-p)1A-y) (pty )l(l—f,)_(l_ﬂl)rl

Z'ul +
+mERHS(Z'I). (15d)
17%c

The value of RHS is increasing in 7, and is equal to 0 when 7, =0.
The value of LHS depends on the value of y'— ', where LHS ><0
if y'><p'. That is, we can obtain that 7,><0 if y'><p' (please

see Figure 1). Moreover, according to (15¢), b' =<0 if y'><f'.

The intuition for b' is the same as that in (14a). The intuition for
7, is as follows. Note that an increase in 7, has two effects on skilled
labor. One is beneficial for those workers as it increases the bargaining
wage, and the other is harmful to them as it reduces the after-tax wage
rate. Our result shows that the former effect dominates the latter one.
That is, if the skilled workers’ bargaining power is smaller than its
elasticity in the matching function, i.e., »'> /', the government can
tax their labor income to increase their bargaining wage and can then
encourage skilled people to search for a job. Furthermore, the optimal
minimum wage and unemployment compensation for unskilled labor are
the same as those in (14e). Thus, we obtain the following Proposition.'

2 Note that, in reality, the government will not set a negative unemployment

compensation. Therefore, when ;/l < ,Bl, ie., the situation that b' should be
negative, the optimal allocation under a centrally planned economy cannot be
achieved in reality. Similarly, when }/2 < ﬂz, i.e., the situation that @ should be
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RHS(1))

EEEEEEENENERN IIILHS(y1>,6’1)

T

IIIIIIIIIIIILHS(yl<ﬁI)

Note: The value at the intersection of LHS and RHS is positive when 7/1 > [)’1, is zero
when y' = /', and is negative when »' < /'

Figure 1 The Optimal Tax Rate of Labor Income for the Skilled Workers

Proposition 2.

When the workers’ bargaining power is relatively low, the
government should tax the labor income along with positive
unemployment compensation for skilled labor, and should set the
minimum wage for unskilled labor. In this situation, a binding minimum

wage for unskilled labor is optimal.

Note that here we only discuss unemployment compensation, the

.. . 13 .
minimum wage and a labor income tax. ~ If we further consider other

negative, the optimal allocation under a centrally planned economy cannot be
achieved since the government will not force workers to get salaries lower than the
bargaining wages in reality.

If the government sets unemployment compensation and labor income taxes
for both skilled and unskilled labor, the optimal policies for unskilled labor
are as follows:
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instruments, like a hiring subsidy or other taxes, we can only derive the
relationship between those instruments, as we only have two conditions
similar to (15a) and (15b) for each type of workers, and we cannot
obtain the precise values of such policies. Because we focus on the
optimality of a minimum wage and the behavior of workers, we only
investigate those related instruments. Note that policies that affect
bargaining wages include unemployment compensation and labor
income taxes, and the minimum wage will directly affect the salary that
the worker receives. Therefore, this paper mainly discusses the optimal
values of the minimum wage, unemployment compensation and a labor

income tax.

4. Concluding Remarks

This paper attempts to determine the optimal minimum wage in a
standard search model with heterogeneous labor productivity. We find
that if the government only sets the minimum wage for unskilled labor,
the optimal policies under a centrally planned economy can be achieved
only when the skilled workers’ bargaining power equals its elasticity in
the matching function. In that situation, a binding minimum wage for
unskilled labor is optimal if the workers’ bargaining power is relatively
low. In addition, if the government sets the different minimum wages
for different types of workers, both unskilled and skilled workers should
be restricted to their minimum wages when the workers’ bargaining
power is smaller than its elasticity in the matching function. In the
above two situations, the government should not provide unemployment
compensation for all workers.

b ={pc f,+cu (l—ﬂz)/[(l—rf)uf]}/[(p-i—l/)/,u2 —(1-p)7 [(1-7))], and
[ (p+y") A=y (7 = B A= BYA= )] = {B°7] f + 7l (1= B2
(-2 (o +y )1 =1)) 1* == B1)e; 1+ 27w [[(1- 77 u’], where 7]
is the labor income tax for unskilled labor. We can derive that 7/ ><0 if
y'2< g and b 2<0 if »’° ><p*. The intuition is the same as that for
skilled labor.
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Moreover, if we consider a tax, the government should tax the
labor income along with positive unemployment compensation for
skilled labor, and should set the minimum wage for unskilled labor
when the workers’ bargaining power is relatively low. In this situation, a
binding minimum wage for unskilled labor is optimal. In addition,
unemployment compensation should not be provided for unskilled labor
regardless of the values of the unskilled workers’ bargaining power and

its elasticity in the matching function.

In this paper, we focused on the optimality of the minimum wage
and the situation in which the government can implement the minimum
wage. However, there are still some other policies worth investigating,
and efficient alternatives may exist. Furthermore, we do not discuss the
possibility of endogenous training decisions or human capital

accumulation. We leave such an analysis to future research.
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